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1 Colouring graphs of bounded diameter
Posed by Daniel Paulusma at Dagstuhl 19271

We are considering coloring questions on graphs of bounded diameter.

1. A long-standing open problem is to determine the complexity of 3-Coloring in graphs of diame-
ter 2.

2. The above is still open if you assume G is Ct-free, except for cases t = 5, 6.

3. The above is open if G is C3-free and we are asking for k-Coloring or Coloring.

More discussion can be found in the Dagstuhl report [1] and two recent papers [2, 3].
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2 Shallow minors with bounded congestion
Michał Pilipczuk

A graph H is a depth-d minor with congestion c with there is a mapping ϕ that maps vertices of H
to connected subgraphs of G of radius at most d such that (i) whenever uv is a edge of H, the subgraphs
ϕ(u) and ϕ(v) either intersect or are adjacent, and (ii) every vertex of G participates in at most c of the
subgraphs {ϕ(u) : u ∈ V (H)}.

Prove or disprove the following statement: There exists a constant k such that every toroidal graph
(graph embeddable in a torus) is a depth-k minor with congestion k of a planar graph. It turns out that
a toroidal grid is actually a depth-1 minor with congestion 2 of a planar graph, but the argument is very
grid-like and does not generalize to arbitrary toroidal graphs.

∗The research to be supported by the projects that received funding from the European Research
Council (ERC) under the European Union’s Horizon 2020 research and innovation programme
under grant agreement No 714704 (PI: Marcin Pilipczuk).
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3 Kelly posets forced by standard examples
Michał Seweryn
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Figure 1: Kelly5.

For n ≥ 3, the standard example Sn is the subposet of the n-
dimensional lattice (2{1,...,n},⊆) induced by the elements a1, . . . , an,
b1, . . . , bn where ai = {i} and bi = {1, . . . , n} \ {i}, so that ai is incom-
parable with bi, and ai < bj for j ̸= i. The Kelly poset Kellyn is the
superposet of Sn obtained by adding the elements c2, . . . , cn−2, d2, . . . ,
dn−2 where ci = {1, . . . , i} and di = {i+ 1, . . . , n}, see Figure 1.

Let G be a proper minor-closed graph class, and consider the class
P(G) of all posets whose cover graphs belong to G (Thus, P ∈ P(G)
iff P can be derived from an acyclic orientation of a graph from G, so
that x ≤ y ⇔ there exists a directed path from x to y). It was recently
proved by Joret, Micek, Pilipczuk and Walczak that if G has bounded
treewidth, then for every n there exists d such that any poset P ∈ P(G)
of dimension at least d contains a subposet isomorphic to Sn.

Is it true that for every n there exists N such that any poset P ∈ P(G) which contains a subposet
isomorphic to the standard example SN , contains a subposet isomorphic to Kellyn? I don’t know the
answer to this question even for the class of planar graphs or the graphs of treewidth ≤ t.

4 Edge-decomposing graph into trees
Tereza Klimošová

Given a tree T , a (simple) graph G is T -decomposable, if the edge set of G can be partitioned into
disjoint copies of T . Obviously, a necessary condition for G to be T -decomposable is that number of its
edges is divisible by |E(T )|, we say that a graph with this property is T -divisible.

The problem is to provide sufficient conditions for a graph to T -decomposable.
Bensmail, Harutyunyan, Le, Merker and Thomassé in 2017 [2] proved the following

Theorem 1. For every T there exists kT such that every T -divisible kT -edge-connected graph is T -
decomposable.

They did not provide kT explicitly, but it is clearly at least exponential in |E(T )|.
In 2014, Barát and Gerbner [1] conjectured that kT = 2|E(T )|, in particular they conjectured that

T -divisible graph is T -decomposable if it contains at least |E(T )|-edge disjoint spanning trees.
It seems that high edge-connectivity connectivity requirement can be to a some extent replaced by

high minimum degree requirement - it was shown to be case for paths [3, 5], where 3-edge-connectivity
suffices (together with T -divisibility and high minimum degree).

The question is what is the most suitable parameter p(T ) of a tree T such that the following claim
holds: There exists k(p) such that for every tree T with p(T ) = p, every k(p)-edge-connected T -divisible
graph with sufficiently high minimum degree is T -decomposable.

From the theorem above, the claim is true for p(T ) = |V (T )|. On the other hand, it is not true for
p(T ) = ∆(T ) (where ∆(T ) denotes maximum degree) [4]. It seems reasonable looking at possibilities
p(T ) = number of leaves of T and p(T ) = pw(T ).
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5 Lower bound for the polynomial excluded-minor approximation theo-
rem for treedepth
Wojciech Nadara

Let td(G) be the treedepth of a graph G, tw(G) be its treewidth, pw(G) be its pathwidth, hb(G)
be the height of the highest complete binary tree that can be found as a subdivision in G, lp(G) be the
binary logarithm of the length of the longest path in G and tdt(G) be the biggest treedepth of a tree
that can be found as a subgraph of G.

In [1] Czerwiński, Nadara and Pilipczuk proved that if td(G) = Ω(ABC) then either tw(G) ≥ A or
hb(G) ≥ B or lp(G) ≥ C improving the bounds from the work of Kawarabayashi and Rossman that first
showed polynomial excluded-minor approximation theorem for treedepth [3].

This theorem was proved by composing two statements of the form

α(G) = Ω(AB) ⇒ β(G) ≥ A ∨ γ(G) ≥ B

for
(α, β, γ) = (td, tw, tdt)

and
(α, β, γ) = (tdt,hb, lp).

Alternatively, the same theorem can be proved by the composition of theorems for

(α, β, γ) = (td,pw, lp)

(which is proved in a yet unpublished work by Walczak et al.) and for

(α, β, γ) = (pw, tw,hb)

(which was proved in [2] by Groenland, Joret, Nadara and Walczak).
All of these four theorems that can be used as intermediate statements in order to prove the resulting

theorem cannot be improved as they have relatively easy tightness examples, however it is still open
whether the theorem itself can be improved or not. An example showing it cannot be improved would
nicely close the chapter about this topic.
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6 Do classes with a forbidden vertex-minor have quadratic neighborhood
complexity?
Rose McCarty

A graph H is a vertex minor of a graph G if H can be obtained from G by deleting vertices and
by performing a sequence of certain “local changes”. More precisely, locally complementing at a vertex
v exchanges edges/non-edges between any two neighbors of v (or equivalently, it replaces the induced
subgraph on N(v) by its complement). This definition may seem ad-hoc at first, but there is a deep
underlying connection to graph minors which was discovered by Bouchet [1].

In fact it is often helpful to think of vertex minors as an analog of graph minors but for “dense”
graphs. A well-known theorem of Mader [2] says that any class of graphs with a forbidden minor has
bounded average degree. However this is far from the case for vertex minors; almost every class of graphs
with a forbidden vertex-minor contains all cliques. So to get an analog of the theorem of Mader, we need
a different measure of complexity. We conjecture that “neighborhood complexity” is the right notion.

Conjecture 2 (stated as Conjecture 3.5.4 in [3]). For any graph H, there exists an integer cH so that
for every graph G with no vertex-minor isomorphic to H and every A ⊆ V (G), there are at most cH |A|2
subsets of A which are of the form N [u] ∩A for a vertex u of G.

We think that this conjecture would follow from a conjecture of Geelen about the structure of graphs
with a forbidden vertex minor (stated as The Structural Conjecture in [3]). However Conjecture 2, like
the theorem of Mader, ought to have a far more simple and direct proof.
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7 Are graphs of bounded rank-width locally equivalent to graphs of
bounded tree-width?
Rose McCarty

We discussed vertex-minors in the last open problem and hinted at their connection with graph
minors. This analogy goes further; vertex minors are to rank-width as graph minors are to tree-width.
(Taking a vertex minor cannot increase the rank-width of a graph, and graphs of large rank-width can
be characterized by forbidden vertex minors [1] analogously to the Grid Theorem [3].)

It is well-known that every graph of bounded tree-width has bounded rank-width. Kwon and Oum [2]
proved a theorem which goes in the other direction; for each integer k there exists an integer ck so that
every graph of rank-width at most k is a vertex-minor of a graph of tree-width at most ck. It would be
even better if we could find such a graph on the same vertex set. We say that two graphs are locally
equivalent if one can be obtained from the other by a sequence of local complementations.

Question 3. For each integer k, does there exists an integer ck so that every graph of rank-width at
most k is locally equivalent to a graph of tree-width at most ck?

We believe that a positive answer to this question would imply an (unpublished, as far as we know)
conjecture of Kwon and Wollan about the Erdös–Pósa Property for circle graphs as vertex-minors.

4



References

[1] J. Geelen, O. Kwon, R. McCarty, and P. Wollan. The grid theorem for vertex-minors. J. Combin.
Theory Ser. B, 2020.

[2] O. Kwon and S. Oum. Graphs of small rank-width are pivot-minors of graphs of small tree-width.
Discrete Appl. Math., 168:108–118, 2014.

[3] N. Robertson and P. Seymour. Graph minors. V. Excluding a planar graph. J. Combin. Theory Ser.
B, 41(1):92–114, 1986.

8 Subexponential χ-bounding function for Pt-free graphs
Marcin Pilipczuk

We now know that many problems can be solved in quasipolynomial time in Pt-free graphs [2, 4, 3],
and getting subexponential time is somewhat easier [1]. Gyárfás proved that Pt-free graphs are χ-
bounded with exponential χ-bounding function tO(ω(G)) and very recently a quasipolynomial χ-bounding
function has been shown for P5-free graphs [5]. I propose to look at those developments and aim for a
subexponential χ-bounding function in Pt-free graphs for t ≥ 6.
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9 Hamiltonicity of 3-edge-colored complete graphs
Thomas Bellitto

If a graph G is edge-colored, a walk in the graph is said to be properly-colored if and only if it does
not use two edges of the same color consecutively. The problem of determining whether a complete
edge-colored graph admits a properly edge-colored Hamiltonian cycle finds applications in bio-informatic
and is of course NP-complete.

This problem has also been studied in the specific case of complete graphs. If a complete graph G is
2-edge-colored, the three following properties are clearly necessary for G to be Hamiltonian:

• there is a perfect matching of blue edges

• there is a perfect matching of red edges
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• for any vertex u, for any vertex v, for any color c ∈ {red, blue}, there exists a properly colored
path from u to v starting with color c.

Benkouar et al. proved in [1] that those three conditions are also sufficient and allow to determine in
polynomial time if a 2-edge-colored complete graph is Hamiltonian. Surprisingly, the complexity problem
is still open for k ≥ 3 colors.
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10 Graphs with small tree independence number
Paweł Rzążewskim, Uéverton Souza

Dallard et al. [1] introduced and studied the following graph parameter. For a tree decomposition,
its independence number is the maximum size of an independent set contained in a bag. The tree
independence number of a graph G is the minimum independence number over all tree decompositions of
G. Dallard et al. [1] proved that for a number of graph classes the tree independence number is bounded
by a constant.

The motivation for this parameter comes from the observation that in order to be able to solve Max
Independent Set in polynomial time using a tree decomposition you do not really need a decomposition
of constant width. It is sufficient that the number of states in each bag is polynomial. A possible way
to obtain it is by bounding the independence number of each bag. Tree decompositions of bounded
independence number can also be exploited to solve other computational problems.

The class of graphs of tree independence number 1 coincides with the class of chordal graphs. On
the other hand, it is NP-hard to recognize graphs with tree independence number k, for all k ≥ 4. What
about k ∈ {2, 3}? Can we provide a structural characterization of these classes? The class of graphs with
tree independence number at most k is closed under induced minors. Some forbidden-induced minors
are already known for the case of graphs with tree independence number two. Full characterization by
forbidden-induced minors for this class is still open.
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11 Treedepth vs circumference for 2-connected graphs
Gwenaël Joret

Let G be an arbitrary graph having at least one cycle. The circumference of G is the length of a
longest cycle in G. A neat fact, due to Birmelé [1], is that the treewidth of G is at most its circumference.
(To see this, suppose that G is connected and has circumference k, let T be a depth-first search tree of G
rooted at some vertex r, associate to each node x of T a bag Bx consisting of all the nodes at distance at
most k from x on the xTr path, then T together with the bags provide the desired tree decomposition.)

If G is 2-connected, then one can even bound the treedepth of G as a function of its circumference, as
observed by Marshall and Wood [2]: If G has a path of length Ω(k2) then G has a cycle of length Ω(k)
(exercise). In particular, if G has circumference k, then any depth-first search tree T of G has height
O(k2). This shows that G has treedepth O(k2).
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Question 4. Do 2-connected graphs with circumference k have treedepth O(k2−ϵ) for some fixed ϵ > 0?

As it turns out, this problem is closely related to the problem of bounding the pathwidth of 2-
connected graphs with circumference k. This is because it was shown recently1 that if G has pathwidth
a and contains no path of length 2b then G has treedepth O(ab). In particular, if G is 2-connected with
circumference k, then G has no path of length ck2, and hence G has treedepth O(a log k), where a is the
pathwidth of G. Therefore, up to a log k factor, bounding the treedepth and bounding the pathwidth
are essentially the same problem. So the main problem here is bounding the pathwidth:

Question 5. Do 2-connected graphs with circumference k have pathwidth O(k2−ϵ) for some fixed ϵ > 0?

As far as I am aware, even a linear bound is not ruled out.
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12 Vizing for connected greedy edge colouring
Carla Groenland

Following a given ordering of the edges of a graph G, the greedy edge colouring procedure assigns to
each edge the smallest available colour. It is not too difficult to see that the minimum number of colours
(taken over all greedy orderings) equals the chromatic index χ′(G). We consider the restricted case where
the ordering of the edges has to build the graph in a connected fashion: we need to maintain that the
graph that has been coloured thusfar is connected. Let χ′

c(G) be the smallest number k of colours for
which the graph can be k-edge coloured by following such a ‘connected order’. Already for the vertex
variant χc(G) ≤ χ(G) + 1, and so by Vizing’s theorem χ′

c(G) ∈ {χ′(G), χ′(G) + 1} ⊆ {∆,∆+ 1,∆+ 2},
where ∆ is the maximum degree of the graph.

Question 6. Is it possible that χ′
c(G) = ∆+2 or is it true that χ′

c(G) ≤ ∆+1 for all graphs of maximum
degree ∆?

This question was first asked by [2] and has been repeated by [1]. It’s true for ∆ ≤ 4.
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13 Reachability labeling scheme for planar digraphs
Piotr Micek, last time posed at Banff Product Structure Workshop in November 2021

Given a digraph D and two vertices u, v in D, we say that u reaches v in D if there is a directed
path from u to v in D.

A class of digraphs C has an f(n)-bit reachability labeling scheme if there is a function A : ({0, 1}∗)2 →
{0, 1} such that for every integer n with n ≥ 1 and every n-vertex digraph G in C there is a labeling
ℓ : V (G) → {0, 1}∗ such that for every two vertices u, v in G we have

A(ℓ(u), ℓ(v)) =

{
1, if u reaches v in G

0, otherwise.

1Result due to Bartosz Walczak et al., from a Dagstuhl workshop in September 2021, paper to appear soon on arXiv.
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Bonamy, Esperet, Groenland, and Scott [1] have recently devised a reachability labeling scheme for
the class of all digraphs using labels of length at most n/4 + o(n). This is best possible up to the
lower order term as a simple counting argument forces every reachability labeling scheme for the class
of all n-vertex digraphs to use a label of length at least n/4 − o(n). In 2004, Thorup [3] presented an
O(log2 n)-bit reachability labeling scheme for planar digraphs. It remains open to answer whether more
efficient schemes exist.

Question 7. Do planar digraphs admit an O(log n)-bit reachability labeling scheme?

The following result from [2] might be relevant.

Theorem 8. Planar digraphs with a single source admit an O(log n)-bit reachability labeling scheme.

This labeling scheme is actually obtained in a stronger regime: every poset with a planar cover graph
and with a single minimal element has Boolean dimension at most 13.
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14 Degeneracy of H-subdivision-free graphs without Kℓ,ℓ as a subgraph
Michał Pilipczuk, Paweł Rzążewski

A paper of Kühn and Osthus [?] shows that for every fixed graph H there is a function f : N → N such
that H-subdivision-free graphs (i.e., graphs excluding H and all its subdivisions as induced subgraphs)
without the biclique Kℓ,ℓ as a subgraph are f(ℓ)-degenerate. The question is for what classes the function
f can be chosen to be polynomial; this is well-motivated by several connections, see the introduction
of [1]. This has been proved for:

• for P -free graphs, whenever P is a path [1];

• for T -free graphs, whenever T is a tree [2];

• for C≥t-free graphs, for any t ∈ N [1, 2] (equivalently, for Ct-subdivision-free graphs).

Remarkably, the proofs of Scott et al. [2] for the cases of a forbidden tree and forbidden long cycles are
very simple, much simpler than the previous proofs for forbidden paths and long cycles [1]. The question
is whether the result could be generalized to the case of H-subdivision-free graphs for any fixed H.
This would be suggested by the original work of Kühn and Osthus [?] and would generalize the cases of
forbidding a path and forbidding long cycles.

While resolving the conjecture in full generality is probably quite a big task, I suggest to look at some
relatively simple graphs H that generalize trees and cycles, e.g. cacti, series-parallel graphs, k-trees.
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